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Byzantine-resilient distributed learning under constraints

Dongsheng Ding, Xiaohan Wei, Hao Yu, and Mihailo R. Jovanovié

Abstract— We consider a class of convex distributed sta-
tistical learning problems with inequality constraints in an
adversarial scenario. At each iteration, an a-fraction of m
machines, which are supposed to compute stochastic gradients
of the loss function and send them to a master machine, may
act adversarially and send faulty gradients. To guard against
defective information sharing, we develop a Byzantine primal-
dual algorithm. For a € [9, 0.5), we prove that after 7" iterations
the algorithm achieves O(1/T + 1/v'mT + a/V/T) statistical
error bounds on both the optimality gap and the constraint
violation. Our result holds for a class of normed vector spaces
and, when specialized to the Euclidean space, it attains the
optimal error bound for Byzantine stochastic gradient descent.

I. INTRODUCTION

In this paper, we examine a class of distributed statistical
learning problems with inequality constraints in an adversar-
ial scenario. Let {f(w; z),z € Z} be a collection of closed
convex functions whose domains contain the common closed
convex set W C R%, let {g;(w)} be a collection of convex
functions on W, and let D be an unknown distribution over
the sample space Z. The objective is to learn a model w*
by finding the minimizer to the convex program,

mi?ierg\i)ze Fw) := E,wp[f(w;z)] "

subject to g;(w) < 0,5 =1,... k.
The formulation (1) includes a broad class of con-
strained learning problems, e.g., constrained least-squares
with f(w;z) = (y — w'2)% 2 = (2,9). and g;(w) =
Ajw — bj. We focus on a distributed computational model
with 1 master machine and m worker machines, where the
master cannot collect all the data from the distribution D;
instead, at each time, the master receives m estimates of
the gradient VF'(w) from m workers. A popular application
is the federated learning [1] where data is spread over a
large number of worker machines and the master machine
is unable to collect/store all data from mobile devices. In
large-scale distributed learning, some machines can fail or
even intentionally send malicious information [2]. Thus,
studying distributed learning algorithms and their robustness
against faulty information is an important and timely topic. In
this paper, we consider an adversarial setup where workers
behave maliciously by sending arbitrary vectors; they are
called Byzantine machines.
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Our contribution: In this paper, we propose a new variant
of the primal-dual method — Byzantine primal-dual (Byzan-
tine PD) algorithm — for solving problem (1) in an adversarial
scenario where an a-fraction of m workers are Byzantine.
For o € [0,0.5), we prove that after T iterations the
algorithm achieves O(1/T + 1/v/mT + a/V/T) statistical
error bounds on both the optimality gap and the constraint
violation. This result holds for a large class of normed vector
spaces and matches the optimal statistical error bound for
the problem (1) without constraints in the Euclidean space
setting. To the best of our knowledge, our work provides the
first study of primal-dual methods for distributed constrained
learning problems in the Byzantine adversarial setting.

Related work: Closely related studies on primal-dual
methods are references [3]-[9]. For general deterministic
convex optimization problems with convex nonlinear con-
straints, references [4], [5] propose primal-dual algorithms
based on drift-plus-penalty [10] and prove O(1/T") conver-
gence rate on both optimality gap and constraint violation.
When the objective function and constraints are time-varying,
references [3], [6]-[9] propose online primal-dual methods
with convergence guarantees regarding regret and constraint
violation. However, all of these studies assume access to
exact gradients of objective/constraint functions or their
samples. It is not the case for practical large-scale distributed
learning. To guard against adversarial gradients, this paper
generalizes the primal-dual method to Byzantine stochastic
optimization in general normed vector spaces.

Our distributed computational model is also relevant to
studies of gradient descent [11]-[14] or mirror descent [15]
in the Byzantine setting. To mitigate Byzantine machines,
the median aggregation has been extensively used. However,
apart from reference [15], most other approaches only work
in the Euclidean space setting. To add the flexibility to our
algorithm, we utilize median aggregation in general normed
vector spaces, as done in reference [15]. On the other hand,
it is tempting to extend gradient descent methods by adding
projection to deal with constraints. However, this is not
suitable for our problem since nonlinear constraints can make
a projection as hard as solving the original problem. Instead,
we employ the primal-dual method to deal with constraints.
Thus, our work departs from several unconstrained results,
e.g., those reported in references [14], [15], and we focus on
the constrained learning problems.

Paper outline: In Section II, we present our main assump-
tions and describe the algorithm. We conduct our analysis in
Section III and present convergence results in Section IV.
We conclude the paper in Section V.
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Notation: The Banach space (R, || - |,), p €
[1,00), is 2-smooth if p(s) < Cs? where p(s) :=
Py — 1y =+ (5l + 9] + [l — y]}) — 1) is the smooth
modulus and C is a constant. Its dual is (R%, || - ||.) where
the dual norm || - ||, is defined as ||z||. = supj, <1 (2, ).
A function f is L-Lipschitz with respect to a norm || - || if
|f(x) — f(y)] < L]z —yl|. A function is 3-smooth with
respect (0 a norm || - || if [V f(z) - V(@)ll. < A & — yl.
A function is o-strongly convex with respect to the norm
|11 F5) > f(@) + (VF(),y— o) + Zlly — 2] For
a 1-strongly convex function ¢ with respect to the norm
| - ||, the Bregman divergence D(x,y) generated by ¢ is

D(z,y) = ¢(z) — d(y) — (Vo(y), x — y).
II. ASSUMPTIONS AND ALGORITHM

g (w)
7gk(w))

Let [n] := {1,...,n} and let us arrange g1 (w), ...
in the problem (1) into a vector g(w) = (g1 (w), .. .
and rewrite constraints as g(w) < 0.

Assumption 1 (Basic properties):

(i) The domain W € R? is a compact, convex set with di-
ameter W, and there exist R and G such that D(z,y) <
R? for all z,y € W and ||g(w)|| < G for all w € W;

(ii) The objective function F'(w) and the constraint func-
tions g;(w), with j € [k], are convex and smooth on W.
Each g;(w) is also Lipschitz continuous with parameter
L;, for all j € [k]. We denote smoothness parameters
of F(w) and g;(w) as Sr and S, 4, respectively;

(iii) There exists an optimal solution w* € W that solves
the problem (1).

Assumption 2 (Existence of Lagrange multipliers): There
exists a Lagrange multiplier A\* := (A],...,A};) > 0
such that ¢(A\*) = min, cw{F(w): g(w) < 0} where
g(A) = mingew{F(w) + (A, g(w))} is the dual function.

In our computational model with 1 master and m workers,
at iteration ¢, each worker 7 receives current iterate wy,
utilizes private data z{ to compute the associated gradient,
and returns it to the master. There are two possibilities: (i) a
non-Byzantine worker returns V f (wy; 2}) with z{ ~ D; (ii) a
Byzantine worker returns arbitrary vector adversarially. After
receiving information from all workers, the master aggregates
them for optimization, generates next iterate w41, and then
broadcasts it. The learning goal for the master is to obtain an
approximate solution to the problem (1) after 7 iterations.

Let Q C {1,...,m} be an unknown set of non-Byzantine
machines. We denote by Vi := Vf(wy;2}) the sampled
gradient and V; := VF(w;) the true gradient, respectively.

Assumption_ 3: (1) At each iteration t, there exists V' > 0
such that ||V} — V||« <V for machine ¢ € . (ii) There is
an a-fraction of Byzantine machines with « € [0,0.5).

We only impose Assumption 3 (i) on an unknown set
of non-Byzantine machines. This does not simplify the
Byzantine issue since we can always take a large V.

Let wy € RY be an initial point. Algorithm 1 has two
stages. The first stage (lines 3-6) estimates the set {); of
non-Byzantine machines by maintaining three estimation

sequences for each machine ¢ € [k], i.e., received gradient
1, cumulative gradient B}, and gradient-related value A},

t t
B! = Z Vi and Al := Z (VL w, — wo).
T=0 T=0
Let V™ be the median of {V},...,V"}, B4 be the
median of {B},...,B™}, and AT be the median of
{A},..., A"}, We begin Qo with [m] and update Q; by a
set of machine i from Q;_1 whose V¢ is 4V -close to V"4,
Ip-close to B4, and I 4-close to A™4. Using €);, we next
estimate the population gradient V, by the averaged one (6).
The second stage (line 7) maintains the primal-dual up-
dates in terms of w; € W and ¢;; € R, with j € [k],
using the estimated gradient &;. At iteration ¢, it updates
the primal variable w;;; by a solution to the proximal-type
problem with Bregman divergence. The dual variable q; ;2
is updated via a simple max function. Since the dual update
mimics the queueing equation [4], the dual variables are also
called virtual queues. In the next section, we discuss some
important properties of iterates w; and g; ¢, with j € [k].

III. PRELIMINARIES AND BASIC ANALYSIS

Our convergence analysis relies on two gradient-related
quantities generated by Algorithm 1,

T-1
SN V= Viwy — wh)

Ey
t=01€Q;
T—1 2 (2)
1 1 .
By = =) E.Z(Vt—vﬁ
t=0 N *

where F; determines the bias arising from the stochastic
gradient and the adversarial workers, and F is the variance
of estimating the true gradient.

By the concentration bound [16] in a 2-smooth Banach
space, we can choose proper parameters 4, I, and A in
Algorithm 1 such that the median aggregation in line 6 allows
bounds on F; and E> in Lemma 1. We refer readers to [15]
for details; [14] for a special Euclidean case.

Lemma 1 (Error bounds): [15, Lemmas 8 and 9] Let
(R4, || - ||+) be 2-smooth and let Assumption 3 hold. With
probability 1—4, for (2) we have (i) |E1| < AWV AV2mT+
16amWVAV2T; and (i) By < 3202V2 4 1647

Let ¢; = (g4, - - -, qx,) be the vector of virtual queues and
let L; = 1||g:||* be a quadratic Lyapunov function. We define
the Lyapunov drift as d; := Lyy1— Ly = 2 ([l qe411* — || |*)
for ¢ > 1. For standard properties of the virtual queues and
the Lyapunov drift, we refer readers to Appendix A.

By Assumption 1, the smoothness of g; with modulus j3; 4
implies that the function (g; 11 + g;(w:))g;(w) is smooth
in w with modulus (g;++1 + gj(w:))Bg,;. By the descent
lemma [17, Proposition A.24], we have the following lemma.

Lemma 2: Let Assumption 1 hold. For Algorithm 1 with
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t > 0, we have

(Qt+1 + 9(wt))Tg(wt+1)
k

< Z Gje+1 + g5 (we)) (g5 (we) +

(Vgj(w), wigs

—wy))

1
+ g(w
(th 92( o) ﬂg||wt+1*wt||2

(Brogs - -+ Brog)-

The following pushback property is useful for analyzing
the primal update in line 7 of Algorithm 1.

Lemma 3 (Pushback property): [18, Lemma 1] Let f:
W — R be a convex function, n > 0, and y € W. If z* =
argming ¢y f(x) + nD(z,y), then f(z*) + nD(z*,y) <
f(z) +nD(z,y) —nD(z,2*) for any z € W.

Denote ¢y := L2 + Bp + (g1 + g(wi))” By. We relate
the objective function in (1) to the errors (2) via Lemmas 2
and 3 and establish a useful inequality (3) on the drift.

where 3, 1=

Lemma 4: Let Assumption 1 hold. Suppose 7, > ;. In
Algorithm 1, for ¢ > 0, we have

1
dt+1 + E Z (F(wt+1) - F(W*))
i€ Qy
1 .
< = {(Vi-Vi),wt—w)
i€y 2
1 1 i 3
*a—wlm 22 VY,

1EQ
D(w*, wt+1))

1
+ 5 (lg(we)I* = lg(w)|?)
Proof: See Appendix B. [ ]

In Lemma 4, we have established an upper bound on our
drift-plus-penalty term in (3). The first two terms in the
bound describes bias and variance of gradient estimation
that relates to (2). The last two terms account for the
regularization and the constraints. Hence, (3) is different
from bounds in standard drift-plus-penalty analysis, e.g.,
references [4], [10], and the constant stepsize rule is no
longer valid. We next present an adaptive stepsize rule and
establish our convergence results.

+ e (D(w*7wt) -

IV. MAIN RESULTS

We now provide the convergence analysis of Algorithm 1.
We adaptively adjust the parameter 7, using ¢; := L +Br+
(@41 + g(we))" By

(i) If a €[1/y/m, 0.5), we choose

Lo + \/Tv (4)
n =
max{nt,l, L + \/T}, t .

(i) If @ €0, 1/4/m), we choose

o + /T/m, t

n = )

max{nt,th + \/T/m}7 t

Y
—_

I
2

Y
—

It is easy to see that 7, is non-decreasing for ¢ > 0 and
1o > 0 from (ii) in Lemma 10.

Lemma 5: Let Assumption 1 hold. Then, for ¢ > 1,

ZT]T w wT

Pmof. See Appendix C. [ ]

— D(w*, wry1)) < mo1 B2

Algorithm 1 Byzantine Primal-Dual (Byzantine PD)
Initialization: Initial point wg € W, initial virtual queues
g1 = max{0,—g;(wo)},Vj € [k], diameters W, R > 0,
number of iterations 7', thresholds [4 = AWV AV2T and
Ip = AVAV2T where A := R + 2\/2 log (8v/2mT/3).

1: Qo + [m];

2: forall t <~ 0to7 —1do

3: for all ¢ < 1 to m do

4: receive Vi € R? from worker i € [m] and update
Bi + Zi:o V: and Aj « Ziz()(Vi,wT — Wo).

5: end for

6: gradient estimation

o AT« median{A},..., A"}
o B™ + B! where i € [m] is any machine s.t.

1{j € [m]: B} - z

Bl <In)| > 2.
o Ve ¢« Vi where i € [m] is any machine s.t.
1{j € [ml: IV

o« Y Qan{iem: 4]~ Amed| < 1, ||Bf —
Brd|. < I, and ||V} — VPeU||, <4V}

o compute the gradient

- Vil.<2v} > T

:% > Vi (6)
1 EQ
7: primal-dual update
o primal update

k

Wiyl argemvtn <§t + Z qj,t+1 + g5 (wt))vga (wt), ’w>
w =1

" + 1t D(w, w).

o dual update for all j € [k]
Qjt+2 < max ( — g;(weg1), @1 + gj(wt+1))-

8: end for

_ 1
9: Output: wr = TTZ::Ole

Lemma 6: Let (R, || - ||.) be 2-smooth and let Assump-
tions 1-3 hold. For 1 < t < T, with probability at least 1—9,
one of the following holds

(i) For a € [1/4/m,0.5) and n; given by (4),

gl < N+ V2 R+ G+ C1 (D
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(ii) For o € [0,1/4/m) and n; given by (5),
lgzsall <IN+ V201 R 4+ G + Ca. (8)

Here, C; = \/01,14'012 and Cy = \/0214—022

with Cp; = 8WVA\/T 16V2A%VT , Cio = 32a(V2 +

am

\[WVA)\/» Coy1 = SWVA\/ﬁ\/%GV AZ\F’ and Cy o =
320(WVAV2T + aV2/mT).
Proof: See Appendix D. [ ]

Lemma 7: Let (R, - ||«) be 2-smooth and let Assump-
tions 1-3 hold. For 1 < ¢ < T, with probability at least 1—9,
one of the following holds,

(i) For a € [1/4/m,0.5) and n; given by (4),

2
ne < o= (\/m+\/T+ \/§R||ﬁg||)

(ii) For o € [0,1/4/m) and n; given by (5),

2
ne< = (\/m B \/T/m+\/5R||ﬂgll)

where 7; := L + Br + (2G + C; + [|\*]))[| By | for i = 1,2.
Proof: See Appendix E. [ ]

We are now ready to establish convergence in terms of the
optimality gap and the constraint violation.

Theorem 8: Let (R, || -||+) be 2-smooth and let Assump-
tions 1-3 hold. With probability at least 1 — 4, if T > m one
of the following holds,

(i) For a € [1/4/m,0.5) and n; given by (4),

< O<CF,O . Cra n CFQ)

F(wr) - Fw”)

T vmT VT
(if) For o € [0,1/4/m) and n, given by (5),
_ Cro Cr3 Fry
F(wr) — F(w*) < O( =+ + «
T Tyt VT
where wr = % tT,(l)wt, Cri, i = 0,1,...,4 are con-

stants that only depend on parameters {G, R, W, V, A}.

Proof: We show the first case using 7, in (4). We begin
with (3) in Lemma 4. Notice that n; — ¢z > V/T. Thus, we
can simplify (3) and show that

1 T-1
— Z Z (wit1) ) + T Zdt-H
t—OzEQt t=0
1 — 7 *
< T Z Z (Vi = Vi), 0" —wy)
t=071€Q;
1 , 2
+ — — V-V
2TVT ; mgt( a
= '
+ T ;}nt (D(W*7wt) — D(w*, wt+1))
1 T 1
+ o7 (lg(wer )12 = g (we)l?) -

Using F; and F5 in (2) and Lemma 10 (iii) yields

ZZ

t—OZGSZf

|, B, &
2\F

F(w"))

wt+1

©))

IN

mT

+ = Znt w wt

Lemmas 5 and 7 allow us to bound the right-hand side

mde

of (9) via L;LEIT‘ + {5} + "= Furthermore, substituting

the bounds on |E;| and Eg in Lemma 1 and the bound on

D(w*, ’wt+1)) .

71 in Lemma 7 into this term leads to a bound that has
G*+R*(L} R24+G+||2* 272
the order of S ¢ +5F+ FOHIND | wvatrvia
2 VW VA+VA R2(V+VW mT)
V+WVA+R
i Na + e ml/4T3/4 + \/> T3/4 . Let
: 1 1 Vo o
T 2 m. It is Clear that i/AT3/A S \/Tﬁ and T3/4 S ﬁ

Thus, we obtain the first bound. We complete the proof by
applying the convexity of ' to the left-hand side of (9) so
that it is lower bounded by 3 (F(wr) — F(w*)).

Similarly, we can show the second case using 7; in (5)
and 73" in Lemma 7. [ ]

Theorem 9: Let (R?, || -||.) be 2-smooth and let Assump-
tions 1-3 hold. With probability at least 1 — 9, if T > m one
of the following holds,

(i) For a € [1/4/m,0.5) and n; given by (4),
_ Cyo Cy1 C,
gi(w < O< 9,0 gl + 5 >
J( T) T /m, \/7
(if) For o € [0,1/4/m) and n; given by (5),

_ Cyo Cy3 Cya
. < O 9, g,
gj(wT) hS ( T + T + « T
where wr = 7 ?;éwtﬂ, Cyir i = 0,1,...,4 are

constants that only depend on parameters {G, R, W, V, A}.

Proof: Since g;, j € [k] are convex, we can apply the
Jensen’s inequality and Lemma 11,

1
ST Zgg wi1) < TUTH S 5 ||qT+1||

Next, we apply Lemma 7 and discuss two cases.
LIV + V/2ZIF=R + G + Cy), for (i);
LI + /27E=R + G + Cy), for ().

Since 22 + azx < (a + 1)2® + a/4 for all x and a > 0, we
complete the proof using the expressions for C; and C5 in
Lemma 6, n*** and 75" in Lemma 7, and T > m. [ ]

Remark 1: When all workers are non-Byzantine, i.e., o« =
0, the first two terms in the bounds in Theorems 8 and 9 are
similar to the rate of mini-batch SGD [19]. The last term
determines the effect of Byzantine workers for o # 0. If the
gradients V}; are unbiased, the dual norm bound of gradients
becomes V' = 0 and the bounds are O(1/T'). This matches
the optimal rate for the convex stochastic program.

gj(wr) <
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V. CONCLUSION

We have developed a variant of the primal-dual algorithm
for constrained distributed learning problems in the Byzan-
tine setting. We have proved the robustness against Byzantine
failures whenever the fraction of Byzantine machines satis-
fies o € [0, 0.5). When the objective and constraint functions
are convex and smooth the algorithm after 7" iterations enjoys
O(1)T +1/v'mT + a/\/T) statistical error bounds on both
the optimality gap and the constraint violation.

APPENDIX

A. Properties of Virtual Queues

Lemma 10 (Property of virtual queues): [4, Lemma 3]

In line 7 of Algorithm 1, we have
(i) For any j € [k], ¢;+ > 0 for t > 1;
(i) For any j € [k], g¢j,+ + gj(wi—1) > 0 for t > 1;
(i) [1qa 2 < Jlg(wo) > and [l |2 > llgCuwn—1)| for t > 2.
Lemma 11 (Constraint violation): [4, Lemma 7] Let ¢;
with ¢ > 1 be the sequence generated by Algorithm 1. For
any j € [k], we have gj 111 > S0 gj(wep1) forall ¢ > 1.
Lemma 12 (Drift property): [4, Lemma 4] In Algo-
rithm 1, the Lyapunov drift satisfies d; < qf g(wy) +
llg(wy)||? for all ¢ > 1.

B. Proof of Lemma 4

Applying Lemma 3 to line 7 of Algorithm 1 with «* =
Wiy, 2 =w*, and y = wy yields

k
(Gowrgr) + O (g1 + g5 (we)) Vg (w) "wiga
j=1
k
< (&hw) + Y (g1 + g5(we)) Vg (we) "w?
j=1

+ e D(w*, we) — e D(w*, wep1) — neD(wig1, wy).

Adding — (&, w;) + Zle (g.6+1 + g5(we)) (g5(ws) —
ng(wt)th) to both sides of the inequality above and
applying the convexity of g; and the inequality ¢; ;41 +
gj(wy) > 0 from Lemma 10 (ii) lead to

(6, wep1 — wy)

k

+ Z (gj,0+1 + g5 (w)) (g5 (wy) + Vg;(w)" (wipq — wy))
j=1
k

< (Gt —w) + Y (g + g5 (we)) g (w*)
i=1

+ e D(w*, we) — e D(w*, wepr) — neD(wigr, wy).

Moreover, we remove Zf: 1 (@041 + 95 (wy)) g5 (w*) with-
out changing the inequality due to feasibility of w*. Thus,

(&, wp —w*) 4+ e D(wig1,we) +

Z (@441 + 95 (we)) (g5 (we) + Vg (we) T (w1 — wy))
j=1

By the convexity of F' and the smoothness, i.e., F'(w;) >

F(wit1) = (Vi w1 —we) — 2 |[wgs1 —wy||2, we can have
simplify (10) into
— Z (wit1) — F(w”))

ZEQt

k

+ Z (qﬁt+1 + gj(wt)) (gj(wt) + ij(wt)T(wt-H - wt))

1 4
S S (Vi Vit — ) + S g — il
N
1 .
+ <m ; (Vi—Vi),w — wt+1>

+ e (D(w*, wy) —

We add the inequality in Lemma 2 into the inequality above
and use the property of Bregman divergence D (wy41,w;) >
Ulwsyr — we|? first, and then apply g(w¢)?g(wii1) =

3 (lg(wi)ll? + lg(wes)II* = llg(we) — g(wes1)]|?) and the
Lipschitz continuity of g,

rONG

ZGQf

< = <(vi_vt)’w*_wt>+bt_nt
migt 2
_wt+1>

1 .
+< S (Vi Vow
mieﬂ

+n (D(w*7 w) — D(w*, th))

D(W*a wt+1)) - ntD(wt-&-la wt)~

(wig1) — F(w®)) + thHg(th)

lweyr — wt||2

~ 5 (g + lgfwes)I)
Y
where 11 := L? + Br + (qe+1 + g(we))" By
Finally, we apply the drift property in Lemma 12 to (11),
the CauchySchwarz inequality, and bz — az? < b— ,a,b>0,

(23w Vi

o
—wt+1> I -

i€ Qy
1 .
< |5 Zwi-vo| -l
i€ Qy *
L
+2 5 wer — w2
11 1 . 2
- — SN (Vi-Vv
21 — migt( ! 2 *

where 1; > ¢;. Combining this inequality above with (11)
yields the desired result.

C. Proof of Lemma 5

We expand >0 - (D(w*, w,) — D(w*,w,41)) into

—2
Z Nr+1=1r ) D(W* wr 1) +10 D (w* wo) —ne—1 D(w”, wy)

< (&wp —wipr) + e (D(w*, wy) — D(w*, wtﬂ)), We complete proof by removing a term —n;_1 D(w*, w;) <
(10) 0 and applying D(w*,w,) < R? and non-decreasing 7.
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D. Proof of Lemma 6

We show the first case using 7; given in (4). We begin
with (3) in Lemma 4. With a slight abuse of notation, we
use 7 as time index and ¢ as time horizon. According to (4),
we have 77, — ¢, > a/T. This allows us to simplify (3),

S S Pl - Py + LY e
T=0

T=07i€Q,
1 « .
— Z Z (Vi = Vo) wt —w,)
7_01652
) 2
Z :-_VT)
zEQ *
+ - Z 777 w*va)_D(w*awT+1))
t 1
+ o > (lgtwrs) 1 = llg(w:)|?) -
7=0

Similar to previous notation of E; and FEs, for 1 <t < T,
we introduce E{ =300 o (Vi=V, w, —w*) and

By=10101L Yiecq (VE=V.)[7. With this notation,
we apply 112 <llg(wo) |2 and Lemma s,

LS Y (B - F)
T=071€Q, ) )
E! E! n-_1R G 1
< 1l 4+ = + = = el
mt 2T t 2t 2
(12)

Notlce that mtz ozzen (F(wry1) — Fw*)) >
= ZT:O F(wr41) — F(w*)). By Assumption 2, we have
F(wr41) + (A, g(wr41)) > F(w*) and thus,

t—1

t—1
1 N , 1
gi 2 (F(wess) = Fl@) ~(» ,%Zog<w7+l>>
= 1 T =
> I
> L e

where the second inequality is due to Lemma 11. Combining
the inequality above with (12) shows |[|g1]|? < [N -
lge1 ]| + @, where @ := 2Zi1 4 ;5% + 2n 1 R? + G2
Solving this quadratic inequahty in terms of ||g+1]| yields

BN+ 32 + @

It is easy to verify that the probability bounds on |E | and
E5 in Lemma 1 also work for |Ej| and Ef for all 1 <t <
T. Using the inequality /z +y + z < /x + \/y + /2 for
z,y,z > 0, we obtain (7). It is clear from the initial ¢; 1 in
Algorithm 1 that (7) holds for ¢t = 0. The second case has
similar proof as above. We omit it due to the space limit.

E. Proof of Lemma 7

We show the first case using 7, given in (4). We prove it
by induction. When ¢ = 0, it is easy to verify ny < n*?*
by noting |g1 + g(wo)|| < llg1]l + [lg(wo)| < 2G. Assume
M—1 < n"**. We need to show 7; < n"**. By (4), it is
enough to show that L? + 8 + (g1 + g(w:)) ™ By + VT <

Y

llqes1l] (13)

niRax, Notice 22 + 3% + 2y < (v +y)?
L2+ Br + (g1 + 9(w)T By + VT
< L2+ Br + laeallllBall + lg(we)[[l1Bgll + VT

Ve, y > 0.

< 7+ VT + 2R By
= M+ VT + V2R||Byll\/ih + VT + (V2R||By]|)?
<

where we use (7) in the second inequality. By induction, we
conclude the proof. The second case has a similar proof.
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